ABSTRACT. We measured vertical strain in the firn at Siple Dome, Antarctica, using two systems, both of which measure relative displacements over time of metal markers placed in an air-filled borehole. One system uses a metal-detecting tuned coil, and the other uses a video camera to locate the markers.We compare the merits of the two systems. We combine steady-state calculations and a measured density profile to estimate the true vertical-velocity profile. This allows us to calculate a depth^age scale for the firn at Siple Dome. Our steady-state depth^age scale has ages %10^15% younger at any given depth when compared to depth^age scales derived by layer counting in a core 40 m away. The age of a visible ash layer at 97 m in the core is 665 AE 30 years, in agreement with a similar analysis conducted atTaylor Dome, Antarctica, where the same ash is also seen, providing an additional dated tie point between the two cores.
INTRODUCTION
Measurements of vertical strain can add valuable information to a glaciological field program. Several methods of measuring vertical strain in firn and ice have been described (Hamilton and others, 1998; Zumberge and others, 2002; Elsberg and others, in press ). However, most are primarily point measurements; detailed measurements of vertical strain in the firn are rarely made. Such measurements can provide insight into the mechanics of firn compaction by constraining the actual rates of compaction, and can be used to assign a depth^age relationship to the shallow sections of an ice core. This depth^age relationship, when combined with independent depth^age scales from other methods, can shed light on the possibility of transient variations in accumulation and surface density.
Siple Dome is an ice dome on the Siple Coast of West Antarctica (81:65 S, 148:81 W). It is an ''inter-ice-stream ridge''; the dome is a flow divide situated in slow-moving ice between Kamb and Bindschadler Ice Streams (former Ice Streams C and D). In the austral summers of 1997^99, an ice core was drilled 1004 m to bedrock. In addition to the main core, several smaller shallow cores were drilled. We made our vertical-strain measurements in an auxiliary borehole,105 m deep and located 40 m from the main core site.
MEASUREMENTS
We made vertical-strain measurements using two different methods. We placed metal bands in the borehole at roughly 5 m intervals, and surveyed the locations of the bands over the course of three annual field seasons. We determined the location of a band both with a ''metal-detector'' tuned resonating inductive coil, and with a downward-looking borehole video camera. The tuned coil and the video camera provide different means of measuring the relative displacement of a band.
Marking bands
Each metal marking band is a strip of bronze spring stock, 10 cm wide and 1m long (Rogers and LaChapelle, 1974; Raymond and others, 1994; Hawley and others, 2002) . The strip is coiled on a custom injector tool and lowered into the borehole. When the band is released, it expands to press against the sides of the borehole. The logging tools can then pass through the coiled band to observe other bands at greater depths. In practice, the injection of the bands is time-consuming and difficult. At Siple Dome, the band at 84 m was snagged during the first logging run. Although we were able to free our logging tool, we did not attempt to re-log this band or the others below it until the final season of the project.
Tuned coil
The tuned-coil detector was built to a modification of the design presented in Rogers and LaChapelle (1974) , based on the suggestions of Raymond and others (1994) . It is essentially a metal detector, in which a circuit drives a signal through a coil, which is designed to produce resonance in the absence of nearby conductors. As the coil is brought close to a conductive object (in our case a metal band), current is induced in that object, and the resulting mutual inductance ''detunes'' the detector. This results in reduced resonance. The theory of the instrument is documented by Rogers and LaChapelle (1974) and Raymond and others (1994) . In practice, our tool is slightly ''detuned'', so that resonance first increases when approaching a marker, and then decreases as the tool enters the band. This provides more structure in the record for correlation. We suspended the instrument on a commercially available steel measuring tape with two conductors embedded in its edges to carry the signal. The voltage signal from the tool was recorded with a data logger. Upon reaching a band, we clamped a linear displacement transducer to the tape. The transducer allows very fine-scale measurement of depth over the short range spanning a marking band. In combination with the readings from the tape where the transducer was clamped, the result is a very accurate depth measurement. The transducer output was also recorded by the data logger. On the resulting voltage vs depth record (Fig.1) , the signal from the band is very distinct.
Video
We also located the bands with a downward-looking borehole video camera, using the technique described by Hawley and others (2002) . For the first log, we made a permanent mark on the cable when we could image each band. We measured the distance between this mark and the top of the borehole casing with a vernier caliper for this and all subsequent images of this particular band edge.
The image of a band in the hole shows the edge of the band as a circle. We determine the location of the camera relative to the band by measuring the observed apparent radius of the band at a given camera position. The distance d between the camera lens and the edge of the band can be expressed in terms of the focal length f of the lens, the actual radius of the band r a , and the observed radius of the band r o :
Ideally we would select an optimum distance from each band to position the camera for caliper measurements, calculate the desired apparent radius r d for that distance, and make the caliper measurement when the camera is positioned so that r o ¼ r d . Since we did not have fine adjustment ability to position our tool, and had no accurate means of assessing the apparent radius in the field, we used the following ''bracketing''approach to ensure we had positioned the camera in the same way from year to year. For each band, we repeated the measurement at least three times, moving the camera vertically by approximately 1cm each time. The resulting dataset consists of several images of the top and bottom edges of each band, each image taken from a different height above the band. Acquiring multiple images ensured that we could interpolate the measurement to the same distance d relative to the band for each year. Although rearranging and integrating Equation (1) shows that observed apparent radius varies with the inverse square of the distance d, over a short range of d (%3 cm in our case) the relationship is almost linear.
Density
Density measurements were made on the ''SDM-B'' core, taken 40 m from the vertical-strain site. The density was determined by field measurements of the mass, length and diameter of ice-core sections approximately 1m long. Two length measurements were made to the nearest millimeter using a metal ruler, and then averaged. In the case of angled breaks between sections, a minimum and a maximum length were measured and then averaged. The diameter was measured to the nearest 0.1mm using digital calipers at three locations along the core section and these were also averaged.The mass was measured to the nearest gram using a triple-beam balance.
DATA REDUCTION Tuned coil
The output from the tuned coil is saved in the form of a depth^voltage series for each band. To locate the midpoint of each band, previous users of this method (Rogers and LaChapelle,1974; Raymond and others,1994 ) chose a point midway between two ''threshold'' points of equal voltage on the sharply rising or falling voltage curve. In our analysis, we use the entire record. To compare two records of a given band from different years, we first normalize each curve to eliminate any effect of different temperatures or battery voltage on the amplitude of the signal. Then we crosscorrelate the two records. The offset producing the best cross-correlation is accepted as the relative displacement during the time interval between the records.
The band at 84 m was dislodged so as to partially block the borehole in the first season before we used the tuned-coil tool. Because the tuned-coil tool is large, we were unable to make tuned-coil measurements below 79 m depth.
Video
To find the radius of the band edge on each video image, we used an edge detection process to enhance the edge of the band. After extraneous edges were removed, the apparent radius of the band was determined by fitting a circle to the bright pixels of the band edge, using a least-squares process. For each band, we plotted the apparent radius of the band against the height of the permanent mark on the cable above the top of the borehole casing. The result was an almost linear relationship. Repeating the process the following year gave a similar line at a different height. The offset between Fig. 1 .Voltage output from the tuned-coil detector as it is lowered through a typical metal marking band (marked by the shaded area). Because the coil is not optimally tuned in free space, the resonance first increases when approaching the band, then decreases to a minimum when the tool is centered inside the band.
the two lines gives the displacement of the band relative to our reference mark (i.e. the top of the casing).
We improved the band-edge detection algorithm; in the previous method we applied a numerical edge-detection filter and then manually removed extraneous edges in the image (such as parts of the camera that were in the field of view) before fitting a circle to the remaining bright pixels. The present method masks out the extraneous edges, and then fits a circle in several iterations, each time removing edge-detected pixels several standard deviations away from the best-fit circle. This removes reliance on the operator to find and remove all ''noise'' pixels. We believe that this improved the accuracy of the results at greater depths where reduced image contrast was previously a limitation.
Density
The largest source of uncertainty in the density measurements is missing pieces of unknown mass and volume due to breaks in the ice core. These sections of core were omitted from the density dataset. Another source of uncertainty is the length measurement where there was an angled break between adjacent sections.The average density for these adjacent sections often provided a reasonable density value. However, if the average density of a core section containing an angled break produced a suspect value, it was omitted from the density dataset. Densities have been interpolated for the ice-core sections with omitted values. The standard deviation of the density measurements is estimated to be 0.005 gm cm À3 . Below 70 m, the data show more noise; we expect this to be associated with missing pieces of core, resulting in low values.
VERTICALVELOCITY
Our data analysis produces depth profiles of relative velocity, and of density, shown in Figures 2 and 3 . Because we did not have data from the tuned-coil detector below 75 m, we use the video data for vertical velocity and depthâ ge scale analyses. We measured displacements, and hence velocity, relative to the borehole casing, which was attached to a plywood board at the surface and extended %1m into the borehole.To convert to absolute velocity for use in calculating a depth^age scale, we follow the procedure of Hawley and others (2002) .We start with our relative velocity, add an estimate of the true velocity of one point in the borehole, use conservation of mass to calculate a density profile with that velocity, and compare that to our measured density profile. We accept vertical velocity estimates that result in a close match between measured and modeled densities.
For our calculations, we introduce three assumptions: (1) The horizontal components uðxÞ and vðyÞ of the total velocity vectorṼ ðx; y; zÞ, and therefore the horizontal strain rates, are independent of depth z over the depth range of the survey. (2) The density ðzÞ at a given depth is independent of horizontal position x and y. (3) The density profile in the borehole is in steady state (Paterson, 1994, p.14) such that
The first assumption is valid for the shallow depths that we are concerned with here, where the largest motions are associated with firn densification. From horizontal strain measurements at the surface (Nereson, 1998) we know the total horizontal strain rate, which we indicate here as @u=@x þ @v=@y. For any given marker, the true vertical velocity is found by adding its measured velocity w r ðzÞ relative to the surface marker to the absolute downward velocity w o of the surface marker.
Conservation of mass (Equation (2)) in a vertical column of ice from the surface to a depth z 0 in the borehole (here 100 m) gives
where o is the density of snow at the top of the borehole. Now, to express w o entirely in terms of readily measurable quantities, we first recognize that w o ¼ wðz 0 Þ À w r ðz 0 Þ, Fig. 2 . Annual vertical displacements averaged over 2 years measured with both the video and tuned-coil tools. All motion is referenced to zero at the top of the borehole casing.The noticeable break in slope around 60 m is due to the change in densification rate at that depth. Fig. 3 . Density data (circles) from the Siple Dome ''B''core and our preferred ''best-fit'' modeled density profile (solid curve) using _ b = 0.126 m a À1 . The shaded region contains all modeled density profiles that match the data better than our mismatch threshold of J ¼ 1.These solutions correspond to a range of 0.12^0.133 m a À1 (ice equivalent) for _ b. The narrowness of this region illustrates the relative insensitivity of our steady-state mass conservation model to differences of <10% in accumulation rate.
where we have already measured the relative velocity w r ðz 0 Þ at the bottom of the borehole. Second, we note that the mass flux w o o through the upper surface of the ice sheet can also be written as _ b ice , where _ b is ice equivalent accumulation rate, and ice is the density of ice.
Third, we assume that the density ðz 0 Þ at the bottom of the borehole has reached the ice density ice . Incorporating this information into Equation (3) leads to
We then use _ b as the free parameter in the density model described below. In practice, the measured density at the bottom of our borehole did not reach the density of bubblefree ice, and so an additional factor of ice =ðz 0 Þ is included in the calculation of w o to account for this.
Since the firn is compressible, vertical velocity is coupled to firn compaction. We find w o by selecting the _ b that, when combined with our measurements and used in the calculations below, simultaneously produces a pair of coupled solutions wðzÞ and ðzÞ such that ðzÞ best matches measured densities. We then accept that corresponding velocity solution wðzÞ.
Expanding Equation (2) with the assumptions above and then solving for @=@z yields
which can be integrated numerically to obtain a density profile, using measured values of ð@u=@x þ @v=@yÞ and @w=@z. We computed density distributions using a range of possible values for _ b in Equation (4) when computing wðzÞ. For each _ b, we compared the modeled density profile to measured density data. Our preferred profile is the one that matches the measurements most closely in a least-squares sense. This preferred profile is shown along with the measured densities in Figure 3 . For each modeled density profile, we calculated a mismatch index
where d i and m i are the density data and modeled density at the ith depth, respectively, N is the number of samples, and is the standard deviation of the measurements (estimated earlier as 0.005 gm cm À3 ). J tells us how closely we match the density data with our model. J ¼ 1 means that we have on average matched the data within 2 standard deviations. Figure 4 shows the relation between _ b and J. We accept models producing J < 1.
DEPTH^AGE SCALE
We use the vertical-velocity profile to calculate a depth^age scale for the upper 100 m, following the procedure used by Paterson and others (1977) for Devon Ice Cap, Canadian Arctic, and by Hawley and others (2002) for Taylor Dome, Antarctica. We assume that the vertical velocity profile in the firn is in steady state in a reference frame fixed to the surface, which could be moving up or down due to changes in the thickness of the underlying ice. Although the particle paths are not precisely vertical, the horizontal components ofṼ ðx; y; zÞ are small enough that the vertical component is unlikely to vary significantly over the range of x or y spanned by the particle paths, so the one-dimensional approximation is valid.
We numerically integrate the inverse of the vertical velocity from the surface to depth z to find the age today of ice at depth z,
Using our preferred wðzÞ profile, the resulting depth^age profile is shown by the bold curve in Figure 5 . The shaded region on either side of the bold curve represents age profiles produced with all w o values allowed by accepting only density models giving J < 1 (see Fig. 4 ). Also shown for comparison are depth^age profiles determined using two layer-counting methods. In one method (Pennsylvania State University (PSU)), annual horizons in a core from 40 m away were visually counted to determine age (personal communication from R. B. Alley, 2003). In the other method (Desert Research Institute (DRI)) (Taylor and others, 2004) , a computer algorithm was used to interpret annual layers using electrical conductivity measurements made on the same core.
DISCUSSION

Comparison of the two methods
The tuned-coil and video methods locate a marker in the borehole in different ways, and the opportunity to use the techniques side-by-side allows us to make comparisons. There are several benefits to using the tuned coil. The procedure for locating a band in any given record is straightforward and gives a robust indication of the location of the band. The tool, however, must be custom-built and cannot perform other functions. It is bulkier than the video tool, partly because the distance between the tool and the band on the borehole wall needs to be small. This distance requirement also means that different tools are needed for logging boreholes of different diameters.
With the video tool, we can inspect the condition of the borehole and the markers in real time. We use an unmodified commercial pipe-inspection camera, mounted on a simple frame. Data reduction with the video method is not straightforward, resulting in many steps Fig. 4 . Mismatch index J (Equation (6)) vs _ b for our density model. Our preferred ''best fit'' model uses _ b at the minimum J.We accept any result with a mismatch index J > 1.
between the raw video log and the vertical-strain result (Hawley and others, 2002) .
The measured displacements from the two techniques agreed well, generally within a few millimeters. Both techniques require similar amounts of field time for a log. The limiting factor with both measurement types is probably the metal marker bands. They are difficult and time-consuming to place and, most importantly, they can be dislodged and block the borehole.
While our two methods span the firn at Siple Dome, there have been deeper vertical strain measurements made with optical fibers and wire strain meters. There is a small overlap between our shallow measurements and the deep measurements. Our shallow measurements agree closely with the deep measurements of both total vertical strain over the upper 80 m (Zumberge and others, 2002) , and strain at 80 m depth on the %1m scale of the wire strain meters (Elsberg and others, in press ), improving confidence in both systems of measurement.
Steady-state assumption
Our estimated ages are consistently younger than those from annual-layer counts in the nearby ice core. One reason may be that our calculation assumes steady-state accumulation, with a % 700 year average of 0.126 m a À1 . In Figure  5 we also show for comparison the depth^age profile generated using a _ b of 0.132 m a À1 , the 42 year average accumulation from Hamilton (2002) . A profile generated using the minimum _ b suggested by the 1 À uncertainty of 0.014 m a À1 quoted by Hamilton (2002) lies between our region of J < 1 and the PSU layer-counted age, while a profile generated using the maximum _ b suggested by the uncertainty is substantially younger than our preferred profile. Solving Equation (7) with a velocity profile generated using a _ b that is 10^15% lower than our preferred value brings the depth^age profile closely in line with the layer-counted ages. However, when we use a 10^15% lower _ b in our density model, the modeled densities do not fit as well with the measured densities. This inconsistency may indicate that Siple Dome is in fact not in steady state, but rather has had some non-steady accumulation or surface density history which we cannot identify in this steady-state analysis. Furthermore, our approach in which we match the modern density profile may be insensitive to such transients. There are spatial gradients in accumulation at Siple Dome (Nereson,1998; Hamilton 2002 ), but they are small enough over a 40 m interval (%0.2%, linearly interpolated) that spatial accumulation patterns cannot explain the discrepancy. Further study into detection of transients in accumulation or surface density using firn densification models (e.g. Spencer and others, 2001) could shed more light on the accumulation-rate and surface density history of Siple Dome through the last millennium.
Ash layer
An ash layer is visible in the Siple Dome core at %97.5 m (Dunbar and others, 2002) .This ash has been geochemically correlated with an ash layer at Taylor Dome (Dunbar and others, 2002; Hawley and others, 2002) . At Taylor Dome, Hawley and others (2002) dated the ash layer at 675 AE 25 years using vertical-strain measurements and analysis similar to that presented in this paper. Our current analysis for Siple Dome dates the same ash layer at 665 AE 30 years. The agreement between Taylor Dome and Siple Dome shows that our compaction analysis is self-consistent between these two different glaciological regimes.
CONCLUSIONS
We have evaluated two different methods for measuring vertical strain in the firn. Both have strengths and weaknesses. An important limitation to both methods appears to be the metal marker bands that are tracked over time, which are difficult to install and might be moved by the measuring tool. A future direction for vertical-strain measurement should be to track natural features in the borehole wall instead of artificial markers.
A density profile derived from our vertical-strain measurement matches well with measured values, under a range of acceptable accumulation rates. Our derived depth^age relationship is consistently 10^15% younger than depth^age scales derived from layer counting. Changing our long-term average accumulation rate by approximately 10^15% would bring the depth^age profile in line with those of other investigators, but our corresponding density profile then fails to match measured values. This contradiction may point to the possibility of transient behavior at Siple Dome on the %700 year time-scale represented by the upper 100 m.
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